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Quasinormal modes of BTZ black hole and Hawking-like radiation in graphene
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The Ban˜ados-Teitelboim-Zanelli (BTZ) black hole model corresponds to a solution of (2+1)-
dimensional Einstein gravity with negative cosmological constant, and by a conformal rescaling its
metric can be mapped onto the hyperbolic pseudosphere surface (Beltrami trumpet) with negative
curvature. Beltrami trumpet shaped graphene sheets have been predicted to emit Hawking radiation
that is experimentally detectable by a scanning tunnelling microscope. Here, for the first time
we present an analytical algorithm that allows variational solutions to the Dirac Hamiltonian of
graphene pseudoparticles in BTZ black hole gravitational field by using an approach based on the
formalism of pseudo-Hermitian Hamiltonians within a discrete-basis-set method. We show that our
model not only reproduces the exact results for the real part of quasinormal mode frequencies of
(2+1)-dimensional spinless BTZ black hole, but also provides analytical results for the real part of
quasinormal modes of spinning BTZ black hole, and also offers some predictions for the observable
effects with a view to gravity-like phenomena in a curved graphene sheet.
PACS numbers: 04.62.+v, 72.80.Vp,04.70.Dy
After the work of Unruh[1] who first pointed out that
quantum fluid systems can be used to create an analogue
of a black hole in the laboratory, various analogue grav-
ity systems from superfluid 3He to ultracold fermions (see
e.g. [2]) have been proposed to mimic the Hawking ra-
diation emitted by a black hole. Recently, in a series
of papers[3–7] Iorio and Lambiase proposed a Beltrami
trumpet shaped graphene as a tabletop experiment for
the quantum simulation of a black hole, i.e., an ana-
logue black hole to detect the Hawking-Unruh radiation
by a scanning tunneling microscope (STM). The Beltami
trumpet shaped graphene can be thought as a deformed
graphene that have been wrapped up into a hyperbolic
pseudosphere with a constant negative curvature.
(2+1)-dimensional (3D) BTZ black hole model[8] with
a negative cosmological constant Λ = −1/l2 exhibits
similar thermodynamical properties to those of (3+1)-
dimensional Kerr black holes due to having mass (M),
angular momentum (J), and inner and outer horizons.
Since it was shown by Cveticˇ and Gibbons[9] that the
metric of the BTZ black hole can be mapped onto the
Beltrami trumpet, studying the low energy excitations
of Dirac pseudoparticles in a Beltrami trumpet shaped
graphene surface allows one to study quantum properties
of the event horizon and Hawking-like radiation within
the BTZ black hole background. The details of this pro-
posal and its implications are discussed in a comprehen-
sive paper of Iorio and Lambiase[7].
On the gravity side, the first exact solution of quasi-
normal modes and associated frequencies for 3D spinless
BTZ model were obtained by Cardoso and Lemos[10] and
subsequently by Birmingham[11], and to our knowledge
no exact or rigorous solutions for quasinormal modes
are available for 3D spinning BTZ black hole. It is
well known that, instead of normal modes, one should
deal with quasinormal modes for any dissipative or non-
Hermitian system, as in the case of BTZ black hole, and
thus associated frequencies are complex. For further de-
tailed information on their interpretation in terms of con-
formal field theory, we refer to the paper of Birmingham
et al.[12], and the references listed therein.
In particular, the lack of quantum description of the
gravitational field, i.e., quantum gravity, initiated the
study of quantum mechanical nature of black holes, i.e.,
the quantization of black holes. Within this context,
since Bekenstein’s[13] first proposal as an idea of quan-
tization of the horizon area of nonextremal black holes,
many studies have suggested its use in identifying the
role of the real part of quasinormal frequencies with the
certain fundamental quanta of black hole mass and angu-
lar momentum (see Ref. [14] and the references therein).
Among them, the first major conceptual contribution was
made by Hod[15] who showed that the real part of the
quasinormal frequencies should be related to this quan-
tized black hole surface area, leading to a strong evidence
in favor of uniformly spaced spectrum of quantum black
holes. In this regard, all the studies made so far in this
field are concerned with the spinless black holes, since as
outlined above achieving quasinormal mode spectrum in
the presence of spin is still a challenging problem.
In this paper, we propose an experimentally realizable
model to study the emergence of gravity-like phenom-
ena in curved graphene sheet. First, we solve the non-
Hermiticity problem of a Hamiltonian for Dirac pseu-
doparticles in the presence of BTZ gravitational field
by well-known pseudo-Hermitian quantum mechanical
tools[16, 17], and then investigate its variational solutions
by an unconventional discrete-basis-set method[18, 19].
Besides, in the context of BTZ black hole solutions, we
obtained rigorous analytical results for the real part of
2quasinormal mode frequencies for a spinning BTZ black
hole that cover those for spinless one, J = 0 for the lowest
mode number, namely n = 0, which had been previously
found in the literature[10, 11, 20–22]. Moreover, for a
particular choice of black hole parameters, our solutions
not only reduce to static spinless case, but also present
analytical expressions for vacuum, anti de Sitter and ex-
tremal cases.
The BTZ black hole solutions of the 3D Einstein grav-
ity are given by the axially symmetric metric[8]
ds2 = −∆(r)dt2 +∆−1(r)dr2 + r2 (dφ+∆φ(r)dt)2 (1)
with the lapse function ∆(r) and the angular shift ∆φ(r)
∆(r) =
r2
l2
+
J2
4r2
−M , ∆φ(r) = − J
2r2
where M and J are the mass and angular momentum
(spin) of the BTZ black hole, respectively, and l is the
cosmological length that is related to the negative cos-
mological constant Λ by l =
√−Λ. Eq.(1) has two coor-
dinate singularities corresponding to the inner (r−) and
outer (r+, or event horizon of the black hole) horizons of
the black hole, respectively, and they are given as
r∓ = l
M
2
1∓
[
1−
(
J
Ml
)2]1/2
1/2 . (2)
The event horizon of the black hole exist only under the
conditions, M > 0, |J | ≤ Ml. Since the static met-
ric can be conformally rescaled up to a conformal fac-
tor ∆(r), it is easy to show that its scaled ultra static
part is conformal to the axisymmetric optical Zermelo
metric[9], and it can be mapped onto Beltrami trumpet
surface with constant negative curvature. This confor-
mal relation allows one to study the effects of horizons
on low energy excitations of massless Dirac fermions on
a curved graphene sheet by considering the associated
massless Dirac equation subjected to externally applied
electric field and gravito-magnetic field in the BTZ metric
background. The resultant Dirac equation in the optical
BTZ black hole background can be written[9] as[
σ1
(
∆
∂
∂r
− M
2r
+
J2
4r3
)
+ σ3
im
r
∆1/2
−σ2
(
−ǫ+m J
2r2
)
− J
4r2
∆1/2
]
ψ(r) = 0,
(3)
where σi are the Pauli spin matrices, and axial symme-
try in stationary picture is taken into account by choos-
ing the wave function Ψ = ψ(r)e−iǫt+imφ with m is the
azimutal angular quantum number.
In general, the associated Hamiltonian describing the
dynamics of spin 1/2 particles in a gravitational back-
ground such as in Eq.(3) has no hermiticity. Fortunately,
it is shown very recently that, the hermiticity problem of
Hamiltonians corresponding to a spin 1/2 particle in an
axially symmetric stationary gravitational background
can be handled by using the pseudo-Hermitian quantum
mechanical tools[16, 17]. If one finds an invertible oper-
ator ρ satisfying the Parker weight operator relationship
ρ = η†η, then it is easy to find a Hermitian Hamiltonian
such as Hη = ηHη−1 = H†η whose spectrum coincides
with those of H. The Hermitian Hamiltonian can be
written in terms of metric components gab and the deter-
minant of the metric g as follows
Hη = H0 − i
4(−g00) γ˜
0γ˜k
[
∂ ln(−g)
∂xk
+
∂ ln(−g00)
∂xk
]
+
i
4
[
∂ ln(−g)
∂t
+
∂ ln(−g00)
∂t
]
(4)
with
H0 = i
(−g00) γ˜
0γ˜k
∂
∂xk
− iΦ˜0 + i
(−g00) γ˜
0γ˜kΦ˜k
where
γ˜α = H˜αβ γ
β (5)
Φ˜α = −1
4
H˜ǫµH˜νǫ;αS˜
µν (6)
are curved space gamma matrices and transformed
bispinor connectivity, respectively, together with Sµν =
1
2
(γ˜µγ˜ν − γ˜ν γ˜µ). In Eqs.(4-6), γ˜α are determined in
terms of Dirac matrices with local indices γα through the
transformed tetrad vectors H˜αβ in Schwinger gauge, and
they are also related to the Dirac matrices with global in-
dices γα through Schwinger functions of the correspond-
ing metric by γα = Hαβ γ
β. Here the indices take values
from 0 to 2, and semicolon denotes the covariant deriva-
tive which is written as
Hνǫ;α =
∂Hνǫ
∂xα
− ΓλναHλǫ (7)
where Γλνǫ denotes the connection coefficients and Hλǫ =
gλµH
µ
ǫ . By using the components of the Zermelo metric
conformally related to Eq.(1), one finds the components
of the transformed bispinor connectivity given by Eq.(6)
as
Φ˜0 =
J2
16r3
(
γ2γ0 − γ0γ2)+ J√∆
16r
∆′
∆
(
γ1γ2 − γ2γ1)
Φ˜1 =
J
8r2
√
∆
(
γ0γ1 − γ1γ0)
Φ˜2 =
J
8r
(
γ0γ2 − γ2γ0
)
+
(√
∆
4
− r∆
′√∆
8∆
)(
γ1γ2 − γ2γ1) . (8)
3Therefore, by replacing Eq.(8) back into Eq.(4), the
Hermitian Dirac Hamiltonian corresponding to the BTZ
black hole background can be found as
Hη = iσ2
(
∆
∂
∂r
+
∆′
2
)
+m
J
2r2
− σ1m
√
∆
r
+ σ3
J
√
∆
4r2
,
(9)
which yields the energy eigenvalues of Dirac pseudopar-
ticles on a Beltrami trumpet shaped graphene. In Eqs.(8)
and (9), the prime shows the derivative of the lapse func-
tion with respect to r and within the framework of 3D
relativistic field theory, the Hamiltonian was written in
units of ~c, where c is the velocity of light that will be
replaced by the Fermi velocity vF in graphene.
It is well-known that the conventional Rayleigh-Ritz
variational method can not be directly applied to the
Dirac equation, due to the absence of both upper and
lower bounds of the associated Dirac Hamiltonian. The
Dirac Hamiltonians are not bounded from below so that
spurious roots may appear due to variational instability.
This is the second obstacle that one faces when dealing
with Dirac Hamiltonians. To overcome this difficulty,
Drake and Goldman [18] have firstly proposed a discrete-
basis-set method to eliminate the spurious roots. This
variational procedure is based on defining a two compo-
nent radial spinor as a trial function of the form
|Φ〉 = g(r)
(
a
b
)
(10)
where a and b are variational parameters, and g(r) is an
arbitrary continuous function satisfying the conditions∫∞
0
g2(r)dr = 1 and limr→∞ g(r) = 0. We now introduce
an ansatz for the normalized basis function to get an
approximation to the ground-state of the system as
g(r) = 2(
√
Ml)−3/2re−r/
√
Ml
which satisfies the necessary constraints to avoid the spu-
rious roots. Eq.(10) yields the matrix representation of
the Hamiltonian in Eq.(9). Thus, the associated eigen-
value equation stands for the condition (Hη − ǫ)|Φ〉 = 0
where ǫ is the energy relative to ~c and it is real.
With this condition, and the variation with respect to
a and b, the resulting set of linear equations can be self-
consistently solved if and only if the corresponding two-
dimensional characteristic determinant is set to be equal
to zero. Finally, we find eigenvalues of Hη in the form
ǫ =
1
2
mJ P± 1
4
√
J2Q2 + 16m2R2 (11)
where P, Q and R are defined as integrals
P =
∫ ∞
r+
g2(r)
r2
dr
Q =
∫ ∞
r+
g2(r)
r2
√
∆(r)dr
and
R =
∫ ∞
r+
g2(r)
r
√
∆(r)dr,
in terms of cutoff function given by Eq.(2). In Eq.(11),
upon the choice ofM and J values, following four special
cases of the BTZ black hole can easily be found:
(i) For the vacuum state (M = 0, J = 0), Eq.(11)
reduces to
ǫ = ±m
l
(12)
(ii) For the static black hole (M 6= 0, J = 0) Eq.(11)
gives
ǫ = ±m
l
1
2
K2(2) (13)
where K2 is the modified Bessel function of the second
kind.
Here, it should be mentioned that energy eigenvalues
Eq.(12-13) for the spinless BTZ black hole are similar to
those found for the real part of quasinormal frequencies
in Refs.[10, 11, 20–22].
(iii) For the case M = −1, J = 0 which is recognized
as anti-de Sitter (AdS) spacetime, Eq. (12) gives
ǫ = ±m
l
1
3
[H2(2)− 3πY2(2)− 4] (14)
where H2 and Y2 are Struve functions, and second kind
of Bessel functions, respectively.
(iv) For the extremal BTZ black hole (M 6= 0, J = Ml)
Eq. (11) becomes
ǫ =
1
l
[
m±
√
MΘ21 +m
2Θ22
]
(15)
where we have defined Θ1 =[
(1 +
√
2) exp(−√2) + 2Ei(−√2)] /4 and Θ2 =
(5 + 3
√
2) exp(−2√2) in terms of exponential inte-
gral Ei.
In each of the first three cases, Eqs.(12-14) leads to
a sequence of different ground-state energies depending
on the azimuthal quantum number. They are equally
spaced below and above the Dirac point, m = 0. In the
latter case, i.e., extreme black hole case, in Eq.(15) there
appears a gap which is equal to 2
√
MΘ1/l.
In the context of graphene, by using the graphene
units, Eq.(11) can be rewritten in terms of external elec-
tric and magnetic fields together with a gap term as fol-
lows
E = emΦm(J¯)±
√
∆2(J¯) +m2(~ωB)2, (16)
where
Φ(J¯) =
4J¯
δ
e−2r¯+(V),
∆(J¯) =
4J¯
δ2
Q¯(r¯+, J¯) (meV), (17)
4and frequency ωB =
√
2vF /lB is the cyclotron frequency
in the relativistic case such that energy has
√
B magnetic
field dependence with
B =
4B0
δ2
R¯2(r+, J¯)(T) (18)
where B0 = 3, 26× 104T for graphene. In Eqs.(17) and
(18) , while δ denotes the ratio of cosmological length to
the lattice parameter of graphene and J¯ = J/
√
Ml is the
dimensionless spin that changes in the interval between 0
and 1, r¯+ = r+/
√
Ml =
[
1 +
(
1− J¯2)1/2]1/2 /√2 is the
dimensionless event horizon, the dimensionless integrals
Q¯ and R¯ are given by
Q¯(r¯+, J¯) =
∫ ∞
r¯+
dr¯e−2r¯
√
r¯2 − 1 + J¯
2
4r¯2
R¯(r¯+, J¯) =
∫ ∞
r¯+
r¯dr¯e−2r¯
√
r¯2 − 1 + J¯
2
4r¯2
respectively. In writing the gap term in Eq.(17) , we use
the ansatz of Iorio and Lambiase[7], i.e.,
√
M = 1/l¯, to
be able to write the relevant BTZ quantities in terms
of graphene parameters. Therefore, instead of making a
Beltrami trumpet shaped graphene to observe Hawking
radiation by a STM, we model it with position depen-
dent electric and magnetic fields together with a position
dependent mass-like term in a flat graphene sheet.
In FIG. 1, we plot the dimensionless spin dependence
of the resulting mass-like term, i.e., half gap for different
values of l¯ which are chosen as to be compatible with
those in Ref.[7]. It is easy to see from the figure that the
resulting gap can be controlled via dimensionless spin.
Note that the cut-off function appearing in integrals of
Eqs.(17) and (18) is an implicit function of dimensionless
spin J¯ whose domain lies between 0 and 1. This implies
that J¯ is a function of r¯+ whose range should lie between
1 and 1/
√
2.
As a conclusion, in this letter, we have, for the first
time, obtained the quasinormal modes of both spinning
and spinless BTZ black holes by using pseudo-Hermitian
quantum mechanical tools within the discrete-basis-set
variational method, and proposed an experimental table-
top setup allowing to construct an analogy between grav-
ity and condensed matter physics. Therefore, our find-
ings are two-fold. First, the analytical results we ob-
tained for the spinning BTZ do recover the well-known
results for the spinless one[10, 11, 20–22], and thus they
are consistent with those found in the literature. We
show that spinless BTZ black hole solutions have equally
spaced eigenvalues, whereas the spectrum of rotating
BTZ black hole is again discrete, but looks Dirac-like
which includes unequally spaced levels. Additionally,
due to the conformal relation between the metric of
the BTZ black hole and the low energy excitations of
Dirac pseudo-particles in a Beltrami shaped graphene,
∆=1
∆ = 10
∆ = 104
∆ = 106
0.0 0.2 0.4 0.6 0.8 1.0
10
-19
10
-15
10
-11
10
-7
0.001
10
1 1 2
10
-12
10
-8
10
-4
1
10
4
10
7
10
9
J
D
Hm
e
V
L
r+
D
HΜ
K
L
FIG. 1: (Color online) Dependence of the half band gap as a
function of the black hole spin for four different values of δ.
our method developed here allows us to propose an ex-
perimental scheme to observe Hawking-like effect in a
graphene sheet in the presence of uniform magnetic and
electric fields together with a gap opening term. We
showed theoretically that different electrical and mag-
netic field profiles induce different black hole regimes,
and they can be used experimentally to imitate quantum
properties of a 3D BTZ black hole in a lab.
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